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ON SOME SOLUTIONS TO THE KLEIN-GORDON
EQUATION RELATED TO AN INTEGRAL OF SONINE

BY
STUART NELSON

Abstract. An integral due to Sonine is used to obtain an expansion for special
solutions W(x, t) of the Klein-Gordon equation. This expansion is used to estimate the
L, norms |W(-, t)|, as t — . These estimates yield results on the time decay of a
fairly wide class of solutions to the Klein-Gordon equation.

1. Introduction. We intend to study the functions W, ,(x), x € R® whose Fourier
transforms are W, ,(y)=(1+y2)"%exp [—it(1+y2)*2]. If a>n/4, the existence of
such functions W, , € Ly(R"™) is assured by Plancherel’s theorem. Indeed, W, , is the
L, limit of W, ,  as R — co where

—i 2)1/2

(L) Wias) = @y [ e SELEECD gy gy,

We are interested in the behavior of the functions W, ,(x) for large values of ¢. Our

main objective is to obtain estimates on the L,(R™) norms | W, ,|, as t — oo.
This study of the functions W, , was begun by A. R. Brodsky in [3] where he

showed that many solutions of the Klein-Gordon equation satisfy an inequality of

the form

(1.2) [u(-, )] = Cu.a" Wt.a||°°-

Here the constant is determined by the Cauchy data u(x, 0), u,(x, 0) which must
satisfy certain regularity assumptions. (The amount of regularity required depends
on the choice of a and increases as a is increased.) Brodsky proved that for certain
values of a, W .|o=0@*"™2) as t—oco. This paper shows that for
az(n+2)/4, |W;.oll« =0(t~™2) so that by (1.2) solutions u(x, t) decay like #~"2.
Such #~"2 bounds on solutions of the Klein-Gordon equation have already been
obtained by Segal [6, pp. 95-98] and also follow from Littman [9]. The advantage
of the present approach is that it requires fewer assumptions on the Cauchy data.

Much of the motivation for this study has come from I. E. Segal. He has posed
many fruitful questions and in [7] has made use of Corollaries 5.1 and 5.2 to deal
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with situations where the Cauchy data is not regular enough for the =2 bounds
to be applicable. Another application of results from this paper will be given in [5].

This investigation owes its beginning to N. Levinson’s suggestion that bounds
on | W, .|l be obtained by using the method of stationary phase to estimate the
integral in equation (2.3) below. This was carried out in [4] with his guidance. The
present paper includes most of the results of [4] but is based on a different method
whereby the integral in (2.3) is approximated by an integral due to Sonine. This is
done in §2 and leads to an expansion for W, ,, the terms of which are analyzed in §3.
In §4 we estimate the remainder term of this expansion and in §5 we arrive at some
conclusions about W, ,.

2. An expansion for W, ,(x). Suppose G € L;(R") is spherically symmetric so
that G(x) depends only on x=(x-x)"2. Then

@1 F(r) = (2m)"2 f G(x) dx, -,

depends only on r=(r-r)*'2. Indeed, after switching to spherical coordinates in (2.1)
and doing the angular part of the integration (see Bochner [2, Theorem 40]) one is
left with

2.2) F(r) = r» f: P+ (rp)G(p, O, . ., 0) dp

where p=n/2—1 and J, is a Bessel function of the first kind.
Applying this result to (1.1) we have

R
Woaslr) = 1 [ 64,001+ 97) exp [=it(1-+ 6] .

If a>(n+1)/4 this integral is absolutely integrable over 0 < p <o so that

© Nl 7 2)\1/2
@3) W) = [ FUARMEEETE

The integral (2.3) will be approximated by means of an integral due to Sonine:

+1 ex
pr J,(rx) Pl

© +1 2)1/2
eh |75 Ju(rx)K”g(iLfv?z Jix = 172+ 281K, (P4 1))
0

where K, is a modified Bessel function of the second kind. For 7> 0 equation (2.4)
is established in §13.47 of Watson [8] and by analytic continuation (2.4) holds for
Re 7>0. If 7=it, t >0, the factor K,(7(1 + x%)*/?) no longer decreases exponentially
and in order that the integral be absolutely convergent one must assume v>u+1.
With this assumption both sides of (2.4) are continuous for Re 720, 7#0, and
hence the fact that (2.4) holds for Re >0 implies that it holds for =iz, >0.
Rewriting (2.4) for this case we have

© x4t1 K,(it(1 +x?)Y2
[ 5 e i

where u=u(r, t)=(r?—t?)"/2 is positive when r> ¢ and satisfies u=|u|e**’> when r < 1.

2.5 dx = (it)" 2w 1K,_,1(v)
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To use (2.5) to approximate (2.3) we need

LEMMA 2.1. For every real number a there exist unique constants Coya),
Ci(a), ..., Cy(a), ... such that the functions By ,(z) defined by

-2

Q

(2.6)

EN: C(a) Kic s 20 -1i2(2) + e *By .(2)

Zk+2a—1/2 zN+2a+1

Y

satisfy
00 > |By.qle = sup {|Bn.o(2)] : |z] Z &, |arg z| £ 7/2}

Jor every >0,

Proof. From the asymptotic expansion

K@ = (7) {1+ gz +

2.7
(4v -1 (42—-(2N-1)? +0
N! (82)” ZN+1
we see that there are constants C(v, k) such that
e~? 2\2 K(2) < C(v,k)e™* e 1
2.8) T = (;) 74'2,1 —Tepyei T O(Z_HTN_H)

and similarly,

e~ g1’2Kv+1(z)+”§C(v+1,k)e‘2+e_‘20 1
21/22v+1_ T Zv+1 =y ZlU2zv+1+k Z1/2 ZVtN+1

(2.9

-2z 1/2 -z
s ()55 o)
Now replace the first term of the sum >¥_, in (2.8) by the expression given by the
first of the equations (2.9). Next apply the second of the equations (2.9) and so forth
until the sum in (2.8) has been reduced to one of the form >¥_, C,K,, (2)/z"**.
Taking v=2a—14 the existence of constants C,(a) is evident. The uniqueness of the
constants follows by the usual argument for uniqueness of the coefficients in an
asymptotic expansion. For future reference we observe that Cy(a)=(2/7)'2.

To obtain the expansion for W, ,(r) put z=i#(1 +x)*'2 in (2.6) and multiply both
sides by (it)2%r~#x**1J,(rx). Then integrate over 0 <x<oo. Using (2.3) and (2.5)
the resulting expression reduces to

2.10) Wost) = S Cla)it) aa s 1)+ Rt 1)
k=0

where

QID D) = =7 (1)

Q1) usten) = [ 55 dio St i
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In deriving (2.10) we have assumed 4a>nr+1 in order that the integrands of (2.3)
and (2.5) be absolutely integrable.

THEOREM 2. Let 4a>n—1 and take the expansion (2.10) as the definition of
W, o(r) for t>0. Then

Weo(y) = (1+p%)~ exp [—it(1+y?)'?).

REMARK. By the way in which we arrived at (2.10) the theorem is clearly true
when 4a>n+1.

Proof. We first check that it is all right to use (2.10) as a definition of W, ,. If
4a>n—1 the integrand of (2.12) is absolutely integrable. Hence all terms on the
right-hand side of (2.10) are well defined. That the choice of the nonnegative
integer N does not affect the definition of W, , is clear when 4a>n+1. That this
remains true when 4a>n—1 can be seen by using analytic continuation for
Rea>nm—-1)/4.

Now we check that the Fourier transform of W, , exists when 4a>n— 1. Taking
N=0in (2.10) gives

I'Vt,a.(") = (2/”)1l2¢2a(r9 t)+R0,a(r, t)'

By applying (2.2) to (2.12) we see that R, ,(r, t) is the inverse Fourier transform of
the Ly(R™) function

exp [—it(1 +x2)Y2) B, ,(it(1 + x?)1/2)
"t((l +x2)ll2)2a+1

Gt.a(x) =

From Theorem 3 (below) we see that ¢,.(-, ¢) is in L,(R") iff 4a>n— 1. This shows
W, . is a sum of an L, and an L, function and hence Wt,a exists.

By Plancherel’s theorem, (Ro o(+, 1)) (x)=G; .(x). Thus the conclusion of the
theorem is equivalent to the statement that

(2.13)  (2/m)P(aa(c, ) (x) = (L+x7) 7% exp [—it(1 +x7)"?] = Gy o).

We know (2.13) holds when 4a>n+1 because we know the theorem is true then.
That (2.13) remains true for 4a>n—1 follows by analytic continuation.

3. Analysis of the terms in the expansion. In this section we collect some facts
about the functions g, 4 (r, ) involved in the expansion (2.10).

THEOREM 3. For every t>0, Y-, t) is in L,(R") if and only if —1/p<s—(n+1)/2
and in that case

[s(-5 )], > tPe—m2 when 1 —s—2[p < —n/2,
~ (log t)/Pt™?t="2  when 1 —s—2[p = —n/2,
~ plospn-Dip when 1 —s—2/p > —n/2,

where f(t)~g(t) means that f(t)/g(t)=0(1) and g(t)/f(t)=O(1) as t — .
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For p=oco we have the slightly strengthened version:

THEOREM 3. If w=s—(n+1)/2=0 then y(r, t) is unbounded along the cone r=t.
If w>0 then yi(r, t) is continuous on {(r, t) : ¥ € R* and t >0} and

(s Dllw ~ (@/2M2t~"2 when 1—s = —n/2,

~ 2¥710(w)tt~s when 1—s = —n/2,

where f(t)~g(t) means f(t)/g(t) — 1 as t — oo.

Proof of Theorem 3'. From the definition (2.11) we see that the continuity of
Y(r, t) for >0 is in doubt only on the cone r=¢ where u=(r?—t2)'2 changes from
the positive real axis to the positive imaginary axis. By looking at first terms of
power series for K,(z) one finds that

(3.1a) lim x*Ky(x) = 2°~'T(w) = lim (ix)?K,(ix) if w > 0,
x-0+ x—-0+

(3.1b) lim x¥K,(x) = o0 = lim |ix]|*|K,(ix)| ifw<0.
x—=0+ x—0+

The first part of the theorem follows easily from these equations. To complete the
proof we note that

(-, )]l = £17° max (4u(t), Bu(1))
where w=s—(n+1)/2 and
Au(t) = sup [u’Ky(u)| = sup xKy(x),
By(1) = sup |u"Ky@W)| = sup [x*Ky(ix)|.

When 1—s=< —n/2 we have 3 <w and the theorem follows from Lemmas 3.1 and
3.3 below. When 1 —s= —n/2 we have w <4 and the theorem follows from Lemmas
3.1 and 3.2.

LemMA 3.1. If w>O0 then A,(t)=2¥"T(w).

Proof. K, (x) is positive for x>0 and x~(d/dx)x*K,(x)= —x* K, _,(x)<0.
Hence
sup x*K,(x) = lilgl xKy(x) = 2*"T'(w) by (3.1a).
x>0 x—=0+

LemMa 3.2, If 0<w=4% then B,(t)=2""1I'(w).

Proof. For w=14 the result follows from z'/2Kj,,(z)=(m/2)*"2¢~2. For O<w<%
we have from §6.15 of Watson [8] that

» _ ZwP(%) © e—zcosho
2K?) = 732 ), sinnm g 90
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when Re z20. Since |e~**%"¢| <1 this implies

. : T °
|(ix)*K(ix)| = I%(%—(%M)’) 0 sin}112w9

df = lim x¥K,(x).

x—=0+
Now apply (3.1) to obtain the lemma.
LeMMA 3.3. If w24 then B,(t)~(m/2)"2t* 2 g5 t — 0.

Proof. The case w=1 is immediate from Lemma 3.2 so we assume w>34. Let
0<e<1. Using (2.7) take x, such that (1 —e)(m/2x)"2 < |K,(ix)| < (1 +e&)(m/2x)*/2
when x> x,. Next, using w—3 >0 take x; such that

JSup [xKy(ix)] < (1=e)(m/2)"2xy =2,
If 1> x, then °
3.2) (1=e)(@/2)M2tv =12 < |twK,(it)] < B(2).
If £>max (x,, x;) we see from (3.2) and the choice of x; that

. Eggxo [x*K,(ix)] < Bu(t)
and hence
B,(t) = xos<u’?<t [x*K,(ix)| £ xoSBB« x¥(1+e)(m[2x)12 = (14 &)(m[2)12pw =112,

Combining this with (3.2) we have 1—e<B,(t)/(n/2)V2t*~12<1+e for t>

max (x,, x;) and the lemma follows.
Proof of Theorem 3. Let w=s—(n+1)/2 and define

I(t) — J:o I(r2_t2)l/2le|Kw((r2_t2)1/2)lprﬂ.—l dr'
Then |J(-, 1)[|,=1*"(w,I(t))*’” Where w, is the area of the unit sphere in R". To
prove Theorem 3 it suffices to establish
LeEmMMA 3.4. For every t>0, I(t) is finite iff wp> —1 and in that case
I(t) ~ r*Pw=1D  ywhen p(w—3%) > —2,
~t""2logt whenpw—3)= -2,
~ gn-2 when p(w—3%) < —2.

REMARK. In the proof we make use of the fact that f(r)~g(¢) if there exists a
constant ¢#0 such that ¢~ f(¢) < g(t) < ¢f(¢) for all large ¢.

Proof. We break the range of integration for I(¢) into the intervals [0, ¢] and
[¢, ). First let

Il(t) = fw |(r2_ t2)1/2|wp|Kw((r2 _ tz)llz)lprn-l dl'
t

= fo Y K (p)P((¢2 4+ y2) 2" -2y dy
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where we have made the change of variable y=(r?—¢2)*/2, Next apply the change of
variable y=(#2—r2)'/2 to the remaining interval 0<r <t to obtain

(G.3) 1) = L(")+ f: |y [P | K@) |P((£2 — y2) 12)" =2y dy.

Since K,(y) decreases exponentially as y — oo, the finiteness of 7,(¢) depends
only on the behavior of the integrand at y=0. Using the fact that at y=0, K,(»)
and |K,(iy)| behave like y~'*! (or |log y| if w=0) it is easily checked that I(¢) is
finite iff wp> —1.

Now use (2.7) to choose b=>b(w) such that y=b implies (m/4y)!2 < |K,(iy)| <
(m/y)*2. For ¢> b split the integral appearing in (3.3) into the two parts

I(t) = j: YUK (ip)[P((12 -y )2 =2y dy,

t
K@) = [y | K@) == &y,
By the choice of b and the change of variable y=¢sin § we have
t /2
G4 L)~ f P2 —y?)HBp-2 gy = patn-1 f (sin 8)%(cos 6)*~* do
b 6

where g=wp—p/2+1 and 6,=sin"?* (b/t).
Let J(t)=[;/* (sin 6)%(cos 6)~* df. If ¢> —1 then

/2
lim J(¢) = f (sin 8)%(cos 6)*~* db.
t—> 0 0
For ¢< —1 we note that

/2 /2
J(z)zf (sin 0)“d0:f #0d6~ —log 6, ifq= —I,
6; ¢
~ g+l ifg < —1.
Since b/t < 6, < wb[2tand log b—log t <log 0, <log (wb/2) —log t we have 07 +1~¢-2-1
and —log 6,~log ¢. Thus
Jit) ~ 1 ifg> —1,
~logt ifg= —1,
~ ¢l jfg < —1,
so by (3.4)
Iy(t) ~ rt2w-12  jf g = pw—p/2+1 > —1,

3.5) ~ " 2logt ifqg=pw—pRR2+1=—1,
~ -2 ifg=pw—p2+1 < —1.
To complete the proof of the lemma it suffices to show

(3.6) L(t)+1(t) = O(t*~2)
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because then I3(t) < I(t) < Is(t) + O(t"~2) so that the lemma follows from (3.5). To
prove (3.6) when n=1 apply 1/(t2+y2)*2<1/t to the integral for I,(¢) and apply
12— yH)2=1/t(1 — (y/t)>)V2 < 1/t(3/4)Y'2, t>2b=2y, to the integral for Iy(¢).
When n=2 the integrals for ,(t) and I,(¢) do not depend on ¢ so (3.6) is obvious.
When n23 use (12— yH)2 (124 y)2se(1+yH)Y2 12 1.

4. Estimates on the remainder. From equations (2.2) and (2.12) we have

o exr exp [—it(1 +x%)'2] By ,(it(1 4 x?)*/2
@.1) Ryr, 1) = @2m)~* J;n p(E't)""(l((l +?xz)]/2;2aq(m(+1 ) dx, - - -dx,.

By Lemma 2.1 By (it(1+x?)*2) is continuous for t>0 and |By .(it(1 +x2)V/?)| £
|By.al|e for t2e>0. Thus if 2a+ N+1>n the integrand of (4.1) will be in L,(R")
and Ry .(r, t) will be continuous on {(r, ¢) : r € R* and ¢>0}. Furthermore, we then
have the bound

@2 (R O] S 7 Byaliwn@n) 7 [ (Lt g
]

for t 2 ¢, where w,, is the area of the unit sphere in R". By Parseval’s equality we also
see from (4.1) that Ry ,(-, t) is in Ly(R"™) if 2a+ N+1>n/2 and in fact

4.3) IRx(-, )]z = O@="").

THEOREM 4. If 4a>n—1 we have for each integer N=0 that
(i) Ruy,q(r, t) is continuous on {(r, t) : r € R* and t>0},
(i) |Ry,a(- 1)]2=0(¥*+Y) as 1 — oo,
(§ii) | Ry,a(-> )l =0 "+¥+b) as 1 — oo,
where m=min (n/2, 2a+ N).

REMARK. Note that 4a>n—1 implies 2a+ N>n/2+ N—3% so that m=n/2 unless
N=0 and n>4a.

Proof. Part (ii) follows from (4.3) because 4a>n—1 implies 2a+ N+1>n/2.
From the expansion (2.10) we have

N+K

4.4 Ryo(r, 1) = Cil@)(it) Yo 1(r, 1)+ Ry 4 x,o(rs 1)

k=N+1
To finish the proof it suffices to show that each term f{(r, t) on the right is con-
tinuous for ¢>0 and satisfies || f(-, #)[ o =0~ ™*¥+D),

Inequality (4.2) and the discussion preceding it show that if K is large enough,
the term Ry, q(r,¢) meets both requirements. Theorem 3’ guarantees that
Yoa+w(r, t) Will be continuous for ¢> 0 provided 2a+k > (n+1)/2. This condition is
automatically satisfied because k2 N+12=1 and 4a>n— 1. Thus it only remains to
show that ||¢oe4x(-, )| e=00@"™), kZN+1.

Case m=n/2. In this case 2a+k=2a+ N+12n/2+1. Hence by Theorem 3’

(4.5) l#20+x(-> Dl = OE™2).
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Case m<n/2. In this case n>4a>n—1, N=0 and m=2a. Thus we have
n/2+1>2a+1>(n+1)/2 so that by Theorem 3’ |50 1(-, )| =O(t ~2%). For k22
we have 2a+k>n/2+1 so that (4.5) holds.

5. Conclusion. Writing equation (2.11) with N=0 and noting that Cy(a)
=(2/m)!? we have

(5.1) Wea(r) = /) 2ihoo(r, 1)+ Roo(r, 1), > 0.
Applying Theorems 3, 3’ and 4 to this we obtain the following corollaries.

COROLLARY 5.1. Fix a>(n—1)/4 and 2<p <oco. Then for every t#0, W, , is in
L,(R") iff 2a—(n+1)/2> —1/p in which case | W, o|,~ (2/m)"?|hoo(:, t)], s0 that

[Weal, = 1rmg=ni (b, AeS,
= (log t)"®e™?e=2 if (p, a) € Sy,
~ tl-2ap(n-2)ip lf(P, a) €8s,

where
S; ={(p,a): pa—(n+2)/2) > ~2andp 2 2},
S = {(p,a): pRa—(n+2)/2) = —2 and p > 2},
S3 = {(p, a): pQRa—(n+2)/2) < =2 and pQa—(n+1)[2) > —1}

are the regions shown in Figure 1.

ENEY
\

FIGURE 1

REMARK. If n=2 the decay rate of | W, ,|, in the region S; does not depend on p
and if n=1 faster decay rates in the region S; are obtained by taking smaller values
of p keeping a fixed. With these exceptions, one has the rule that for fixed values of
a, increasing p increases the decay rate of | W, . ,.

COROLLARY 5.2. If n+124a>n—1 then W, ,(r) is unbounded along the cone
r=t>0. If 4a>n+1 then
(i) Wi (r) is continuous on {(r, t) € R*** : (r, t) #(0, 0)},



236 STUART NELSON [February
(ii) W, is in L,(R") for t>0 and
Weallw ~ 2772 ifd4a z n+2,
~ Cpot'™2  ifda < n+2,

where ¢, ,=22*"1""2I'2a—(n+1)/2)/T'(3).

v

REMARK. Using Equation (2.3) with [1, Equation 20, page 24, volume 2] one has

_ PR, p(r)
(5.2) Wour) = T ()
which is unbounded at r=0 if 2a <n. Thus it it necessary to exclude the origin in
part (i) unless 2a> n. If 2a>n then (1 +x2?)~% is in L,(R") so it is easily seen from
equation (1.1) that W, ,(r) is continuous for all (r, ¢) in R**1.
Proof of Corollary 5.1. Using p=2 we have

"Ro.a(°’ t)“g = J;;" IRo,a(x’ t)IZIRO,a(x, t)lp_z dxl' : ’dxn

= [Ro.a(e> DIE"2| Roa(-> D3

Since a> (n—1)/4 this is finite by Theorem 4. Therefore it follows from (5.1) that
W, o is in L(R™) iff gou(-, t) is in L,(R™). By Theorem 3 this is so iff 2a—(n+1)/2
> —1/p.

Now assume 2a—(n+1)/2> —1/p. Since p=2 this implies 2a>n/2 so that by
Theorem 4 | Ry o(-, t)] - =0(~™2*P). Also by Theorem 4 we have |Ry q(:, t)|2
=0(t"') and hence from (5.3) it follows that |Ry .(:,?)],=O0@F ") where
h=(n/2+1)(1-2/p)+2/p=n/2+1—n/p. Using this with Theorem 3 it is straight-
forward to complete the proof.

Proof of Corollary 5.2. Only part (i) requires explanation. Since W_, ,(r) equals
the complex conjugate of W, ,(r), it follows from Theorems 3’ and 4 that W, ,(r) is
continuous on {(r, ¢): r € R* and ¢#0}. By equation (2.3) and Lebesgue’s dominated
convergence theorem, W, .(r) is continuous on {(r, ): ¥#0 and ¢ € R}. Combining
these results gives part (i).

(5.3)
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